NON COMMUTATIVE METRICS ON QUANTUM 
FAMILIES OF MAPS 
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Abstract. We show that any quantum family of maps from a non 
commutative space to a compact quantum metric space has a canonical 
quantum semi metric structure. 



1. Introduction 

One of the basic ideas of Non Commutative Geometry is that any unital 
C*-algebra A can be considered as the algebra of functions on a symbolic 
compact quantum (non commutative) space QA. From this point of view, 
any unital *-homomorphism $ : B — > A between unital C*-algebras will 
be a map from QA to QB. There are many notions in Topology and 
Geometry that can be translate into NC language: 

The notion of quantum family of maps, defined by Woronowicz [TT] and 
Soltan ^lOj, conclude from the following fact: 

"Every map / from X to the set of all maps from Y to Z (or in the other 
word, any family of maps from Y to Z parameterized by / with parameters 
X m X) can be considered as a map 

f:XxY^Z, 

defined by f{x,y) = f{x){y)" 

Definition 1.1. LetB,C be unital C*-algebras. A quantum family of mor- 
phisms from B to C (or, a quantum family of maps from QC to QB ) is a 
pair {A, consisting of a unital C*-algehra A and a unital *-homomorphism 
^ : B — > C^A, where (X" denotes the spatial tensor product of C*-algebras. 

For more details on quantum families, see |llj.[10j. and [3]. 

Another concept that can be translate from Geometry into NC Geometry, 
is distance or metric. Marc Rieffel has developed the notion of quantum 
metric space in a series of papers [5] , [6] , [7J , [8j , ^ . Using the order unite 
spaces, he has constructed a general framework for the topic, but in this 
paper, we deals with special examples of Rieffel's quantum metric spaces, 
stated in the C*-algebra literature. 
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The aim of this note is to show that any quantum family of maps from a 
quantum space to a compact quantum metric space has a canonical quantum 
semi metric structure. We are motivated by the following trivial fact: 

Let (Z, d) be a metric space and f : X x Y — > Z be a family of maps 
from Y to Z , then X has a semi metric p defined by 

p{x,x') = sup d{f{x,y),f{x',y)). 

y&Y 



2. Compact quantum semi metric spaces 

Throughout, for any topological space [X, r) (resp. semi metric space 
{X,d)) C{X,t) (resp. C{X,d)) denotes the C*-algebra of all continuous 
bounded complex valued maps on X with the uniform norm. For a semi 
metric d, denotes the topology induced by d. Let {X, d) be a semi metric 
space. For every / G C(X, d), the Lipschitz semi norm is defined by 

Wfh = «^p{^^^^^^^]^ ^ ^' ^' ^ ^' ^(^' ^ 0}- 

Also, the Lipschitz algebra of (X, d) is defined by, 

Lip(X,d) ={/GC(X,(i) : ||/||d<oo}. 
We need the following simple lemma. 

Lemma 2.1. Let {X,d) be a semi metric space and a be a complex valued 
map on X . Then a G Lip(X, d) and \\a\\(i < 1 if and only if \a{x) — a{x')\ < 
d{x,x') for every x,x' £ X. In particular, if b £ C{X,d), then \\b\\d = if 
and only if b is a constant map. 

Proof. Let a G Lip(X, d) and \\a\\(i < 1. Suppose that x,x' G X. If 
d{x, x') = 0, then a{x) = a{x'), since a is continuous with r^. If d{x, x') ^ 0, 
then 1 > ||a|jrf > , and thus \a{x) — a{x')\ < d{x,x'). The other 

direction is trivial. □ 

For any C*-algebra 21, S{^) denotes the state space of 21 with w* topology. 
If 21 is unital, l^ denotes the unit element of 21. 

Let ^ be a self adjoint linear subspace of the C*-algebra 21, and let L : 
A — > [0, oo) be a semi norm on A. Connes has pointed out [1], [2], that 
one can define a semi metric pl on S'(2t) by 

(1) pL{p,y)=sViv{\p{a)-u{a)\:a(^A,L{a)<l} (^, i/ G 5(21)). 

Note that pL can take values +oo and for different states of 21. Conversely, 
let d be a semi metric on S{A) (such that the topology induced by d on 5'(2l) 
is not necessarily w* topology). Define a semi norm : 21 — > [0, +oo] by 

L,(a) = sup{ '^^°|~^|°^' : ^, G 5(21), d(M, u) ^0} (a G 21). 
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Note that Ld{a) = L(i{a*) for every a e 21. 

Let (X, d) be a compact metric space. Consider the Lipschitz semi norm 

II • lid : Lip(X,(i) C C{X,d) — > [0,+cx)). 

Then it is easily checked that the semi norm on the state space of 
C{X,d) is a metric, cahed Monge-Kantorovich metric [1]. It is well known 
that the topology induced by p\\.\\^, is the w* topology, and for every x,y G 
X, d{x,y) = p\\.\\^{6x,Sy), where 6 : X — > C{X,d)* is the point mass 
measure map. 

Proposition 2.2. Let {X,t) be a compact Hausdorff space and d be a semi 
metric on X such that the topology induced by d on X is weaker than t, i. e. 
Td C r. Consider the Lipschitz semi norm \\ ■ ||d : Lip(X, d) C C(X, r) — 
[0, +oo) and let p = P\\.\\j- Then the following are satisfied. 

i) d{x, y) = p{6x, 6y), for every x,y £ X. 

ii) Lp = II • lid on C{X,d) C C{X,t). 

iii) Let a S C{X, r), then a E C{X, d) if and only if the map v \ — > ^{a) 
on S{C{X,t)) is continuous with p. 

iv) the topology induced by p on S{C{X, r)) is weaker than the w* topol- 
ogy- 
Proof, i) Let x,y be in X. Suppose that a G Lip(X, (i) and ||a||d < 1. Then 
bv Lemma l2.H \5x{a)—5y{a)\ = \a{x)—a{y)\ < d{x,y), and thus by definition 
of p, we have p{Sx,Sy) < d{x,y). Conversely, let E C{X,d) be defined 
by ax{z) = d{x,z) (z E X); then for every x',y' E X, \ax{x') — ax{y')\ = 
\d{x,x') — d{x,y')\ < d{x',y'), and thus by lemma [2Tt a E Lip(X, d) and 
||a||d < 1. Now, we have 

p{Sx,Sy) > \Sxiax) - Sy{ax)\ = \ax{x) - axiy)\ = d{x,y). 

ii) By i) and definitions of Lp and || ■ ||d, it is clear that || • ||d < Lp on 
C{X,t). 

Let a E C{X,d). If ||a||d = 0, then by Lemma |2.H a is a constant map and 
thus Lp{a) = 0. If ||a||d = cxd then Lp(a) = oo since ||a||d < Lp{a). Thus 
suppose that < ||a|| < oo. Then for every p,i^ £ S{C{X,t)), we have 

, , a . , a ., \u(a) — z^(a)| 

p{p,iy)>\p{jrir)-''(.jn:jr)\- 



W\d IWid IWld 

;(a)— j/(a 



and thus if p{p,i^) 7^ then ||a||d > M^^l-Jli^^. Therefore, 



llalU > sup{M^]-^:M : ^, ^ e 5(C(X, r)), u) ^ 0} = Lp{a). 

iii) The "if part is an immediate consequence of i). For the other direc- 
tion, we need some notations: 

Let ~ be the equivalence relation on X defined by 



X 



x <^=^ x ) = 0. 
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Let Y = X/ ~ and let " : X — > Y be the canonical projection. Then d, de- 
fined by d{xi,X2) = d{xi,X2), is a well defined metric on Y, and'is an isom- 
etry between {X,d) and {Y,d). Thus the C*-algebras C{X,d) and C{Y,d), 
and the Lipschitz algebras (Lip(X, d), || • H^^) and (Lip{Y,d), \\ ■ ||j) are iso- 
metric isomorph. In particular, the topology induced by p on S{C{X, d)) is 
the w* topology, since as mentioned above the Monge-Kantorovich metric 
induces the w* topology on S{C{Y,d)). Consider the canonical em- 
bedding $ : C{X,d) — > C{X,t). For every G S{C{X,t)), i/ o $ and 
i/'o$ are in 5(C(X,d)) and 

(2) p{u,u') = p{u o<^,u' o^). 

Now, let a € C{X,d) and Ui — > be a convergent net in S{C{X,t)) with 
p. Then i/j o $ — > o <I) is a convergent net in S{C{X, d)) with p, and since 
the topology induced by p agrees with the w* topology on S{C{X,d)), we 
have 

fj(a) = z/j o <I>(a) — > V o $(a) = v{a). 

Thus we get the desired result. 

iv) Let Vi — f be a convergent net in S'(C(X, r)) with w* topology. 
Thus as in the proof of iii), ^ — v o ^ with p, and by ([2]), Vi — v 
in 5'(C(X, r)) with the topology induced by p. This completes the proof of 
iv). □ 

Definition 2.3. By a compact quantum semi metric space ( QSM space, for 
short) we mean a triple {^,A,L), where 21 is a unital C*-algehra, A is a 
self adjoint linear subspace of 21 with G A, and L : A — > [0, -|-oo) is a 
semi norm such that 

(a) L{a) = L{a*) for every a & A, 

(b) for every a ^ A, L{a) = if and only if a £ Cla, and 

(c) the topology induced by the semi metric pi on £'(21) is weaker than 
the w* topology. 

As an immediate corollary of the definition, for any compact quantum 
semi metric space (21, A, L), the topology induced by pi on S'(2t) is compact 
and in particular the diameter of 5(21) under p^ is finite. 

The following is easily checked. 

Proposition 2.4. Let (21, A, L) be a QSM space. Then, for every a £ A, 
the map p i — > p{a) on S'(2t) is continuous with topology induced by p^. 

Definition 2.5. A QSM space (21, ^,L) is called a compact quantum metric 
space (QM space, for short) if A is a dense subspace of^. 

Let (21, A, L) be a QM space and ^, u be two different states of 2t. Then 
since A is dense in 21, there \s a £ A such that p{a) / v{a). Thus (by ([I])) 
PL is a metric on £(21) . It is an elementary result in Topology that any 
Hausdorff topology r weaker than a compact Hausdorrf topology r' on a 
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set X, is equal to the same topology r'. Using this, we conclude that the 
topology induced by pi on S(2l) is the w* topology. 

Example 1. Let {X,d) be a compact metric space. Then 

(C(X,d),Lip(X,d),|| • \U) 

is a compact quantum metric space. 

Example 2. Let (X, r) be a compact Hausdorff space and let d be a 
semi metric on X such that C r. Then Proposition 12.21 and Lemma l2.lt 
show 

(C(X,T),Lip(X,d),|I • lid) 
is a compact quantum semi metric space. 

Remark. Let (21, A, L) be a QM space and A C Ahe the linear subspace 
of all self-adjoint elements of A. Then A is an order unite space and {A, L\a) 
is a compact quantum metric space in the sense of Riffel's definition [7]. 

Lemma 2.6. Let ^ be a C*-algehra with the C*-norm \\ ■ \\, A he a self 
adjoint linear subspace of% containing I21 and L : A — > [0, +00) he a semi 
norm such that for every a ^ A, L[a) = if and only if a ^ Clgi. Let L and 
II • IP denote the quotient norm of L and || • || on and respectively. 

Suppose that the image of {a & A : L{a) < 1} totally hounded 

for II • \[. Then the topology induced by pi on S{^) is weaker than the w* 
topology. 

Proof. See Theorem 1.8 of [S]. □ 

Example 3. Let 21 be a finite dimensional C*-algebra and N hea Banach 
space norm on 21 such that N{a) = N{a*) for every a G 21. Let the semi 
norm Nq : 21 — > [0, cxd) be defined by 

A^o = inf{iV(a + AI21) : A € C}. 

Since 21 is finite dimensional, the C*-norm of 21 and N are equivalent. Thus 
the image of {a € 21 : A'o(a) < 1} is closed and bounded in Again, 
since 21 is finite dimensional, K is compact and thus totally bounded for 
the quotient norm of the C*-norm. Thus by Lemma [2.61 (21, 21, Nq) is a QM 
space. 

Example 4. Let G be a compact Hausdorff group with identity element 
e. Let ^ be a length function on G, i.e. ^ is a continuous non negative real 
valued function on G such that 

(i) iigg') < iig)+iig'), for every g,g' G G, 

(ii) £{g) = i{g~^) for every g G G, and 

(iii) i{g) = if and only if g = e. 

Let 2t be a unital C*-algebra with a strongly continuous action • : G x 21 — > 
2t of G by automorphisms of 2t, i.e. 

(a) for every g € G the map a 1 — > g ■ a is a *- automorphism of 2t, 

(b) e ■ a = a for every a G 2t , 

(c) g- {g' ■ a) = {gg') ■ a, for every g,g' £G,ae A, and 



6 



M. MAYS AMI S. 



(d) if Qi — > g is a convergent net in G and a € 21, then gt ■ a — > g ■ a 
with the C*-norm of 21. 

Define a semi norm L on 21 by 

L(a) =sup{^^^-^ : g G G, 5/ e} (a e 2t). 

Let A = {a e ^ : L{a) < +00} . Then by Proposition 2.2 of ^j, ^ is a 
dense *-subalgebra of 21. Now, suppose that the action of G is ergodic, i.e. 
if a G 21 and for every g G, g ■ a = a, then a £ Cla. Then it is trivial 
that L{a) = if and only if a € Clgi. Rieffel has proved ^ Theorem 2.3], 
that the topology induced by pi on S'(2t) agrees with the w* topology. Thus 
(21, A, L) is a QM space. 

For some other examples that completely match our notion of QM space, 
see [5]. As we will see in the next section, using quantum family of mor- 
phisms we can construct many QSM spaces from a QSM space. 

3. The main definition 

We need the following simple topological lemma. 

Lemma 3.1. Let Y be a compact space, X be an arbitrary space and {Z,p) 
be a semi metric space. Also, let C{Y, Z) be the space of all continuous maps 
from Y to Z, with the semi metric p defined by 

p{f,g)=svip{p{f{y),g{y)): y eY} {f,geC{Y,Z)). 

Suppose that F : Y x X — > Z is a continuous map. Then the map F : 
X — > C(y, Z), defined by F{x){y) = F{y,x) is continuous. 

Proof. Let xq € X and e > be arbitrary. Since F is continuous, for 
every y G Y, there are open sets Uy,Vy in X and Y respectively, such that 
(y,xo) eVyXUy and p{F{y,xo),F{y' ,x)) < e/2 for every {y',x) €Vy x Uy. 
Since Y is compact, there are yi, • • • ,yn € y such that Y = W^^-^Vy^. Let 
W be the open set n"^^f7j,,. Let x G W and y G Y he arbitrary. Then for 
some i (i = 1, • • • , n), y belongs to Vy^ and we have, 

p{F{y, x),F{y, xq)) < p{F{y, x),F{yi,xo)) + p{F{yi, xo),F{y, xq)) < e. 

Thus we have p{F (x) , F (xq)) < e for every x € W. The proof is complete. 

□ 

Let (21, A, L) be a QSM space, !B be a unital C*-algebra, and (C, <1>) be a 
quantum family of morphisms from 21 to 53, $ : 2t — > 55 (8) ^. 
Let d be a semi metric on S{(t), defined by 

(i(zy,zv') = sup{pL((^(g)z.)$,(//(g)i.')^) : l^(^S{^)} e S{(t)). 

Proposition 3.2. With the above assumptions, let C be the linear space 
of all c (z (t such that the map v 1 — > v{c) on S{€.) is continuous with the 
topology induced by d, and L(i{c) < 00. Then the following are satisfied, 
i) C is a self adjoint linear subspace of (t and 1^ S C. 
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ii) For every c G C, Ld{c) = if and only if c & Clc. 

iii) The topology induced by d on S{(t} is weaker than the w* topology. 

iv) With the restriction of the domain of to C, pL^ < d. 

v) The topology induced by pL^ on S{(t) is weaker than the w* topology. 

Proof, i) is easily checked. 

ii) Let c be in C and L(i{c) = 0. By Lemma \2.1\ the map u \ — > u{c) on 
S{'t) is constant, and thus c S Clg;. 

iii) Apply LemmaEH with X = S{<L), Y = 5(!B), Z = 5(21), p = pi and 
F -.Y X X — > Z defined by 

F{ij,,u) = (fi^i^)^ {n£Y,u£X). 

We get F : X — > C(Y, Z) is continuous with the metric p on C(Y, Z). On 
the other hand, for every z^, i^' we have d{v.,u') = p{F{v).,F{u')). Thus, if 
Vi — > u \s a. convergent net in X with w* topology, then 

d{ui,v) = p{F{ui),F{v)) ^ {). 

This implies that the topology induced by d is weaker than the w* topology. 

iv) Let u, v' be in ^(C). If d{y^ v') = then for every c G C, v{c) = u'{c) 
(since the map p. i — > p,{c) is continuous with d) and thus by the definition 
of pl^, pl^(i/, z/') = 0. Thus suppose that d{i',i'') 7^ 0. Let c £ C with 
Ld{c) < 1. Then 1 > Laic) > ^''%y\"^\ and thus He) - i/'(c)| < d{u,u'). 
Therefore 

pLi{^,y') < d{v,v'). 

v) follows directly from iv) and iii). □ 

Definition 3.3. With the above assumptions, Proposition \3.SX shows that 
(£, C, Ld) is a QSM space that is called QSM space induced by the QSM space 
{^,A,L) and quantum family of maps (C, <!*). 

Lemma 3.4. With the above assumptions, let a £ A and let p G S'(*B). 

Then c= {p0 id^)^{a) is in C, and Ld{c) < L{a). 

Proof We first show that Lrf(c) < L{a){< 00). If L(a) = then a G Cl<2i 
and thus c E Cle; and Ld{c) = 0. Suppose that L{a) ^ 0. We prove that for 
every u, u' G S{^) with d{i>, v') 7^ 0, 

lo\ |z^(c) - v'{c)\ , J, . 

d{uy) 

Let v,u' G S{C) be such that d{u,v') / 0. If \v{c) - v'{c)\ = 0, then ^ is 
satisfied. Suppose that 

\v{c) - u'{c)\ = \{p(^ v)^{a) -{p® v')^{a)\ ^ 0. 
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By the definition of d, we have d{iy, u') > piii^J' ® i^)^-, (a* <X) z/')$). On the 
other hand, by the definition of pL, 

PlUp ® iy)<^>, {p z^')^) > l(^ ^ "^'^i-FT^) - ® '''Mj^)\ 

L{a) L{a) 

_ \{iJL®v)^{a) - {p®v')^{a)\ 
L{a) 

Thus, (l3|) is satisfied and -Ld(c) < L{a). 

Now, we show that the map v \ — u[c) on S{<V} is continuous with r^. 
Let Un — > be a convergent sequence in with the metric d. Thus, by 
the definition of d, we have 

Pl{{p ® M„)$, {p ® — > 0. 

Therefore, by Proposition 12.41 

Un{c) = {p® Vn)^{a) — >{pt^ v)^{a) = v{c). 

□ 

Proposition 3.5. With the above assumptions, suppose that (21, L) is a 
QM space and the linear span of 

G = {{p(^ide)<^{a) : G 5(53), a G 21} 
is dense in It (for example ^ is surjective). Then {(t,C,Ld) is a QM space. 
Proof. Since A is dense in 21 and the hnear span of G is dense in £, we have 

Go = {{p(S>id>r)<^{a) : peS{^),aeA} 

is dense in <t. On the other hand, by Lemma [3^ Gq C C. Thus C is dense 
in a and (C, C, Lfi) is a QM space. □ 

Example 5. Let 21 and (t be unital C*-algebras. Suppose that 21(8' has 
a QSM structure. Consider *-homomorphisms 

i(i:2t®(j: — ^2l(g)C: and F:2l(g)(j: — ><t(E)% 

where F is the flip map, i.e. F(a (8> c) = c0 a for a G 2t, c G ^. Then 

(£, idaigie:) and (21, F) 

are quantum famihes of morphisms. Thus 21 and ^ have naturally QSM 
structures. Also, by Proposition 13.51 if 21 £ has a QM structure then so 
are 21 and <t. 

Example 6. Let 21 be a unital C*-algebra and suppose that 2t has a QSM 
structure. Let <I> : 21 — > *B be a unital *-homomorphism. Then (?B,<I>) can 
be considered as a quantum family of morphisms from 21 to C. Thus 53 
naturally has a QSM structure. Also, if <I> is surjective and 21 has a QM 
structure, then by Proposition 13.51 53 has a QM structure. 
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4. The commutative case 

In this last section we study induced metric structures on ordinary families 
of maps. The following Lemma is different from part i) of Proposition 12.21 ! 

Lemma 4.1. Let {X,t) be a compact Hausdorff space and let d be a semi 
metric on S{C{X,t)) such that is weaker than the w* topology. Let C be 
the space of all c G C(X, r) such that the map v \ — > u{c) is continuous on 
S{C{X,t)) and L^ic) < oo. Consider the semi norm L^ : C — > [0,+oo). 
Then for every x,x' € X, d{5x,6^i) = PlA^x,^^'). 

Proof. Let be in X. By the definition of pi^, we have 

(4) pL^((5^,(5^/) = sup{|a(x) - a(x')| : a G C, Lrf(a) < 1}. 

Let a G C and Ld{a) < 1. If d{5x, = 0, then a{x) = a{x') since the map 
5x I — > Sx{a) = a{x) is continuous with d, thus dU implies that 

PLa{^x,Sx') = d{6x,Sx') = 0. 

Now, suppose that d{5x,6x') / 0. Since 1 = Ld{a) > -^^^^^j— f^y^ > we have 
di^xjSx') > \0'ix)—a{x')\, thus ^ implies that PL^i^xi^x') ^ d{5x,5xi). Now, 
define a map bx on X by bx{y) = d{6x,Sy). Then bx G C and L^^bx) < 1. 
Thus 

PLdi^x, Sx') > \bx{x) - bx{x')\ = d{5x, 6x'). 
This completes the proof. □ 

Theorem 4.2. Let (X, r), {Y,t'), {Z,t") be compact Hausdorff spaces and 
let dQ be a semi metric on X such that r^^ C r. Let 

F :Y xZ — > X 

be a continuous map with t,t',t" , and define a semi metric di on Z by 

di{z,z') = sup do{F{y,z),F{y,z')). 
yeY 

With the canonical identification C{Y x Z,t' x t") = C(Y, t') (g) C(Z, r") let 

F : C{X, t) C{Y, t') (g> C{Z, r") 
be defined by F{a) = aF, for a G C(X, r). Let 

(C(Z,r"),C,iV) 

be the QSM space induced by QSM space (C(X, r), Lip(X, do), || • \\do) and 
quantum family of morphisms {C{Z,t"),F). Then the following are satis- 
fied. 

i) di{z,z') = Pn{Sz,Sz') for every z,z' G Z. 

ii) C C Lip(Z, di). 

iii) II • lUi < N. 
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Proof, i) Let L = || • 11^^. Let us recall the definition of {C{Z,t"),C, N). Let 
d be the semi metric on S{C{Z, t")) defined by 

d{u, v') = sup{/9L((/i ® u)F, {^l (g) i^')F) : fi G 5(C(y, r'))}. 

Then N = and C is the space of all c G C(Z,t") such that the map 
I — > z^(c) on S{C{Z,t")) is continuous with d and A^(c) < oo. By Lemma 
I4.H we have, 

(5) d{Sz,6z') = PNiSz,Sz'), 

for every z, z' £ Z. Now, we explain the relation between di and d. 
Let z,z' Z and y (zY. Then 

{5y ^ 5;,)F = 5p(^y^^) and (5^ (g) = ^^(j^^^')- 

On the other hand, by Proposition 12.21 for every x,x' G X, dQ{x,x') = 
PLiSx,Sx')- Thus 

PL{{Sy Sz)F, {6y ® 5,0^) = do{F{y, z), F{y, z')). 

This formula together with the definitions of d and di , show that 

(6) di{z,z')<d{6z,6,>). 

Let p G S'(C(y, r')) be arbitrary. We consider probability Borel 

regular measure on {Y,t'). Then for every a G Lip(X, do) with ||a||rf„ < 1, 
we have, 

\{p0 6z)F{a)-ip0 6,,)Fia)\ = \ [ {aF{y,z)-aF{y,z'))d^,{y)\ 

(7) 

< j^\a{F{y,z)) - a{F{y,z'))\d^{y). 

For every y G y, by Lemma \2.1\ 

\a{F{y, z)) - a{F{y, z'))\ < do{F{y, z),F{y, z')). 
Therefore, we have 

(8) \a{F{y,z))-a{F{y,z'))\<di{z,z'). 
dSD and dZD implies that 

\{p (g> 6z)F{a) - (/u (g) 5z')F{a)\ < di{z, z'). 
Therefore, by the definition of d, 

(9) d{6z,6,>) <di{z,z'). 

Now, by ([9]) and ©, d{5z,6^/) = di{z,z'), and thus by (P, 

di{Sz,5z>) = pn{Sz,Sz') 

for every z, z' G Z, and i) is satisfied, ii) and iii) are immediate consequence 
of i) and definitions of C, || • Wd^ and N. □ 
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